FACTORS OF HYPERCONTRACTIONS
MONOJIT BHATTACHARJEE AND B. KRISHNA DAS

ABSTRACT. In this article, we study a class of contractive factors of m-hypercontractions
for m € N. We find a characterization of such factors and it is achieved by finding explicit
dilations of these factors on certain weighted Bergman spaces. This is a generalization of the
work done in [I3].

1. INTRODUCTION

The structure of a commuting n-tuple of isometries (n > 2) is complicated compared to
that of a single isometry as an isometry always decomposes into a shift and a unitary due to
von Neumann and Wold (cf. [19]). Not much is known except for the BCL representation for
n-tuples of commuting isometries with product being a pure isometry (see 5 6} [7, [8, [11], 16] [17]
and references therein), that is for commuting isometries (V4,...,V,) on H with

Mo VIV -+ VIEH = {0}.

The structure theorem of such isometries also reveals all possible isometric factors of a pure
isometry (see [§] for more details). Following this, the analysis of finding factors has been
extended further to the case of contractions in [I3]. A characterization of contractive factors
of a pure contraction is obtained, by Sarkar, Sarkar and the second author of this atricle,
in [13] and subsequently in [21I] for general contractions. It is also worth mentioning here
that the key to obtaining such a characterization is an explicit Ando type dilation result
which is motivated by a recent technique of explicit dilations of commuting contractions [12].
It is then natural to ask the following question: How to characterize contractive factors
of m-hypercontractions? In this article, we answer this question and obtain a complete
description for a class of contractive factors of m-hypercontractions. Our characterization
for contractive factors of m-hypercontractions yields a similar characterization for a class of
contractive factors of subnormal operators. To describe these results succinctly, we develop
some background material next.

For a Hilbert space £ and n € N, the £-valued weighted Bergman space over the unit disc
D, denoted by A2(E), is defined as

o0 o0

AE) ={f e OM.&): f2) =D f®)NFIE =D (wns) I (R)]E < o0},

k=0 k=0
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where the sequence of weights {w, i x>0 is given by
(L—a)™" = wya® (Jz| <1).
k=0

The space A2(€) is also a reproducing kernel Hilbert space with kernel
K,(z,w)=(1—zw) "Iz (z,weD).

For the base case n = 1, the space A}(£) is the Hardy space over the unit disc which we
denote by HZ(D) and we denote the corresponding kernel, known as the Szego kernel, by

S(z,w) = (1 — zw) g (z,w€D).

If £ = C, then we denote simply by A2 the C-valued weighted Bergman space over the
unit disc. Using Bergman kernels Agler, in his seminal paper [2], introduced the notion
of m-hypercontractions (m € N) as follows. A bounded linear operator 7" on # is an m-
hypercontraction if

Kf@fv=§}4ﬁ(2)TW*za
k=0

for n = 1, m. In addition, if T*" — 0 in the strong operator topology then 7' is said to be a pure
m-hypercontraction. It is important to note that the positivity K, (T, T*) > 0 for n = 1,m
also implies all the intermediate positivity, that is K '(T,T*) > 0 for all n = 1,...,m
([18]). This shows that if 7" is an m-hypercontraction then it is also an n-hypercontraction
for n =1,...,m. The defect operators and the defect spaces of an m-hypercontraction 7" on

‘H are defined by
(1.1) Dy = (K,;l(T, T*))§ and D, 7 = tanD,r (1 <n <m)

respectively. The Bergman shift M, on A2 (&), defined by
(M.f)(w) = wf(w) (f € AL(E),w e D),

is a pure m-hypercontraction. In fact, by [2], Bergman shifts are models for pure m-hypercontractions.
To be more precise, Agler proves the following characterization result.

THEOREM 1.1. (cf. [2]) If T is an m-hypercontraction on a Hilbert space H then
T= Po(M.®W)lg,

where W is a unitary on a Hilbert space R, Q is a (M}OW*)-invariant subspace of A%, (Dy,1)®
R and D,, 1 is the defect space of T as in (1.1)). In particular, if T is pure then

T = PoM:|o,

where Q is a M -invariant subspace of A% (Dy.r).
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There are now several different approach to this result and to its multivariable generalization
for different domains in C™ (see [1], [3], [9], [10] , [18] and [20]).

Coming back to the context of this article, we denote by JF,,(H) the class of contractive factors
of m-hypercontractions on a Hilbert space H which we characterize in this paper. The class
is defined as follows.

DEFINITION 1.2. Form € N and a Hilbert space H, a pair of commuting contractions (11, T5)
on H is said to be an element of F,(H) if fori=1,2

(1.2) KL (T, T — KM (T, T)T; >0,
where T' =TTy and Ko(T,T*) = Iy.

The positivity condition in the above definition is equivalent to the Szego positivity of the
commuting m-tuple
Ti=(T,....,T T

N——

(m—1)—times
for i = 1,2. Here an n-tuple of commuting contraction 7 = (13,...,T,) satisfies Szegd
positivity if

SHT.TY= >, DITTi >0,
Fc{1,..n}

where for ' C {1,...,n}, Tr = [Licp Ti- If m = 1, it follows that F;(H) is the class of all
commuting contractive operator pairs on H. For (71, T3) € F,,(H), we show that the product
T = T1T, is an m-hypercontraction on H. In other words, for any m € N, F,,(H) contains
contractive factors of m-hypercontractions on 4. In particular, the positivity condition
is a sufficient condition for the product of a pair of commuting contractions (77,73) on H to
be an m-hypercontraction. This sufficient condition is not necessary (see the counterexample
obtain in Section @ The goal of this article is to present a complete description of the class of
contractive factors F,,(H) of m-hypercontractions. One such explicit descriptions we obtain

is as follows. For a Hilbert space £, an operator valued analytic function ® : D — B(€) is a
B(E)-valued Schur function on D if

sup.ep||®(2)[] < 1.

THEOREM. If T is a m-hypercontraction on a Hilbert space H, then the following are equiv-
alent:

(i) T =TWTy for some (Ty,T3) € Fp(H);

(ii) there exist a pair of commuting unitaries (W1, W) on a Hilbert space R with W = W, W,
and a pair of B(E)-valued Schur functions on D

d(z) = (P + zPHU*, and ¥(2) = U(P+ +2P), (z¢€D)

corresponding to a triple (€,U, P) consisting of a Hilbert space €, a unitary U on € and an
orthogonal projection P in B(E) such that Q is a joint (M}; & W* Mg & W], My & W5)-
invariant subspace of A% (E) ® R and

Ty = Po(My © Wh)lg, To = Po(My @ Wh)lo, T = Po(M. & W)le.
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Moreover, if T is a pure m-hypercontraction, then the Hilbert space R = {0}.

This theorem is proved in Section [ as Theorem [5.T]and is obtained by finding a suitable and
explicit dilation of commuting contractive operator triple (17, Ty, T113), (T1,T2) € Fn(H), on
some weighted Bergman space. At the same time, the explicit dilations of triples relies on
a Douglus type dilations of m-hypercontractions and a commutant lifting technique found
n [I3]. The above factorization result, in turn, also provides a similar factorization result for
subnormal operators and, for m = 1, it recovers the characterization of contractive factors of
contractions obtained in [13] and [21].

The plan of the paper is as follows. Section [2] contains Douglus type dilations for m-
hypercontractions. We study different properties of F,,(H) in Section . In Section , we
find suitable explicit dilations for the class of factors in F,,(#). This is then used to obtain
several factorization results in Section [5} In the last section, we find examples of factors of
m-hypercontractions on ‘H which are not elements of F,,(#).

2. DOUGLAS TYPE DILATIONS FOR HYPERCONTRACTIONS

Ever since Sz.-Nagy and Foias discovered unitary dilations of contractions, several explicit
constructions of such unitary dilations have been obtained. One such construction is due to
Douglas [14]. Here we carry out a similar construction for m-hypercontrcations and obtain
Douglas type dilations for m-hypercontractions. Our explicit construction of Douglas type
dilations for m-hypercontractions seems to be new and it is used to obtain dilations of factors
of m-hypercontractions.

Recall that a linear operator T' on H is a m-hypercontraction if forn =1,...,m,
-1 *\ _ - k[T ke ek
K (T,T)_l;( 1) (k )TT > 0.
Also for n =1,...,m, n-th order defect operator and defect space are

Dyr = K, YT, T*)"/? and D, 1 = tanD,,r,

respectively. The sequence of weights {w,, x }22, given by
(1—2)" ankx (lz] < 1,n e NU{0})
plays a crucial role in what follows and we invoke a lemma from [2] which describes certain
relationship of these weights for different values of n.
LEMMA 2.1 (cf [2]). Let {wn i }k>0n>0 be as above. Then for all n,k > 1,

Wn,k — Wnk—1 = Wn—1,k-

For a fixed n with 1 < n < m, consider an orthonormal basis {1, (2) = \/Wn 2"}, for
the weighted Bergman space A2. Then the kernel function of A2 is given by

Ko(z,w) = (1 — zw)~ Z%k Yni(z) (z,w € D).
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We set, for » > 0,

ank (2, w)k(w)  (2,w € D).

Then it can be easily seen that fO" =1 and

f(n (z,w) —1_Z¢nk (Z W)Y p(w), (> 1)

and consequently, frn is a polynomial for all » > 0. As a result, using polynomial calculus,
we define
r—1
T T o= 1= w b THENT, T, (r>0,1<n <m)
k=0
for any m-hypercontraction 7" on H. These operators are used to study the canonical dilation
map I, 7 : H — A2 (Dr) defined by

(2.1) (I rh)(2) = Dyur(Iy — 2T°)"™h,  (heH,z € D)

corresponding to an m-hypercontraction 7" on H. The next proposition shows that the canon-
ical dilation map II,, 7 is a contraction and it is analogous to Proposition 10 in [3] for the
case when 7' is a pure m-hypercontraction.

PROPOSITION 2.2. In the above setting, we have the following:

i) For any n wi <n < m, the sequence { fr 1S a decreasing sequence o,
) For any n with 1 <n < m, the seq "M, T}, d g seq
positive operators.

(i) || zhl® = ||R|* — lim,,%OO(frm)(T, T*)h,h) (heH).

Proof. Tt is clear from the definition that {fr () (T, T*)}°, is a decreasing sequence for n =
1,...,m. For the positivity, it follows from Lemma [2.1] and the discussion succeeding it that
foralerOandlgngm,

r—1
T, T = 1= w  TVK (T, 7T
k=0

—1- an (T ( (T, T) — TK,(T, T*)T*)T*’f

=1 —wu oK, (T, T) =Y (wpp — Wnp1)TEK (T, T*)T**
1
+ Wy T K (T, T T

(2.2) = (T, T*) 4wy T K (T, T T

<
[y

3
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Since wy, T"K % (T, T*)T*" > 0, we conclude that f™ (T, T%) > f" (T, T*) for all r > 0
and for n = 1,...,m. As a result, we also have

fNT, T > fN(T, T > > fO(T, T = T7T™ > 0.

This proves that { f#")(T, T*)}2, is a decreasing sequence of positive operators. The proof of
(i) is verbatim with the proof of Proposition 10 in [3]. u

By the above result, we denote the strong operator limit of the sequence { fﬁn)(T, T},
and its range as

(2.3) Q% =SO0T — lim fI"(T,T*) Qur=TanQ,r (1<n<m).

It should be noted that if T" is a pure m-hypercontraction then
SOT — lim f™(T,T*) = SOT — lim f" (T, T*) =--- = SOT — lim f(T,T*) = 0.
r—00 T—00 r—00

This can be derived from the identity and from the fact that w,, , 7K, (T, T*)T*" —
0 in the strong operator topology (see Lemma 2.11 in [2]). Thus the canonical dilation map
IL,,, 7 is an isometry if and only if 7" is a pure m-hypercontraction. The intertwining property
of I, 7, that is I, 7T7* = M1, 7 where M, is the shift on A2 (D,,7), is evident from the
definition of I, 7.

Before we present the main theorem of this section, we recall a well-known factorization
result due to Douglas.

LeEMMA 2.3. (cf. [I5]) Let A and B be two bounded linear operators on a Hilbert space H.
Then there exists a contraction C' on H such that A = BC' if and only if

AA* < BB".
The explicit construction of Douglas type dilation for m-hypercontractions is given next.

THEOREM 2.4. If T € B(H) is an m-hypercontraction, then there exist a Hilbert space R, an
isometry Uy : H — A2 (Dyr) ® R and a unitary W on R such that

LT = (M: & W*Ilp
In particular,
T= PQ(MZ ©® W)|Q7
where Q = ranlly is the (M, & W)*-invariant subspace of A*(Dy,7) @& R.

Proof. Let Qv be the positive operator as in (2.3)) for all 1 <n < m. By induction on n, we
prove that

T T =Q2p (n=1,...,m).

It is easy to see that it holds for n = 1. Then we assume that the identity holds for some n
with 1 < n < m. Thus by the assumption fr(i)l (1, 7*) =T ffz)l (T, T*)T* — 0 in the strong
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operator topology as r — co. Now,

f(n+1) (T, T*) . TfrgnJrl) (T, T*>T*

r+1
r—1

=1 TT* - K;-&l (T7 T*) + Z(wnJrl,k - wn+1,k+l)Tk+lK1;—&l<T7 T*)T*(k+1)
k=0

r—1

=1 =TT = KW (TT) = 3w T K (D T
k=0

=1-TT"— (K, Y(T,T*) — TK—l(T T*)T*)

- an e T (KTN(T, T%) = TR (T, T)T*) T+

Z Wn, ka T T*)T*k) (TT* i Z wkak—‘rlKn—l(T, T*)T*(k—‘rl))
k=0
- £+>1<T - T (T, )T,

Consequently by the induction hypothesis, f(nH)(T T)— Tf(nJrl (T, T*)T* — 0 in the strong
operator topology as r — oo. This in turn implies that

*
TQn+1 TT n+1 T

Thus we have proved that T’ Qi’TT* = Qn,T forn =1,...,m. In particular, since TQ%%TT =
T by Lemma [2.3] there exists an isometry X* on Q,, r such that

(2.4) X Qmor = QumrT".

Let W* on R 2 Q,, 1 be the minimal unitary extension of X* ( [I9]). Then, by Proposi-
tion 2.2} the map Ily : H — A% (Dyr) ® R defined by

1_ITh = (Hm,Th7 Qm,Th)7 (h € H)
is an isometry and it also satisfies
T = (M, & W) IIr.

Here the intertwining property follows from (2.4). Therefore, Q = ranlly is an (M, & W)*-
invariant subspace of A2 (D,,r)® R and

T = Po(M, ®W)|o.
This completes the proof. [ ]

3. THE CLASS F,(H)

The class of contractive factors F,,(#H) and its basic properties are studied in this section.
To begin with we recall the definition of the class F,,(H). A commuting pair of contractions
(T}, Ty) on H is in F,, (H) if K (T, T*)~T;K,* (T, T*)T; > 0fori = 1,2, where T = T\ T5.
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For (1T1,T5) € F(H) with T = T1T5, we fix the following notations for the rest of the
article:

(35) Diyp =K, L(T,T") — LK, (T,T")T} and D, 1, =TanD, ;. (n € N,i=1,2).

]

With the above notation, we have the following useful identity
D?z,T,Ti - TD?%,T,TZ-T*
=K, '\(T,T*) = TK, " (T, T")T* — T;,(K,* (T, T*) — TK,* (T, T*)T*) T}
=K, (T, T*) - T,K, (T, T*)T}

(3-6) = D721+1,T,Ti7

for all n > 0. Next we show an intermediate positivity type result.

LeEmMA 3.1. If (T, T,) € Fo(H) then (11,Ty) € Fo(H) for all1 <n < m.

Proof. 1t is enough to show that D2, > 0 for n = 1,...,m and for i = 1,2. We only
consider the case i = 1 as it is symmetrical for i = 2. By the hypothesis D7, 7.7, > 0 and
D%,T,T1 > 0. To show D?m—l),T,Tl > 0, we assume that m > 2 and consider the sequence
{a,}22,, corresponding to a fixed h € H, as

a, = <TTD(2m_1)’T7T1T*Th, h)y (r>0).
Then for any r > 0, using (3.6)), we have
(r — Qr41 = <TT(D(2m—1),T,T1 - TD(Qm—l),T,TlT*)T*Th’ h)
= (T"D2, 1.7, T""h,h) > 0.

Thus {a,}2, is a decreasing sequence. Also since

N
’ a/r
r=0

N
- ’< Z TT(D(Qm—Q),T,ﬂ - TD(Qm—Q),T,TlT*)T*Th7 h>’
r=0

= ‘<(D(2m—2),T,T1 - TNHD?m—m,T,TlT*(NH)V% h>‘
< 2|[A)1*|1 D2y 1,1 |-

a, > 0 for all » > 0. In particular, it implies that D(2m71),T,T1 > 0. Therefore, by induction on
m, we have all the required positivity. This completes the proof. [ ]

Needless to say that the product of two commuting contractions is not an m-hypercontraction,
in general. We find a sufficient condition for product of two commuting contractions to be
an m-hypercontraction. The sufficient condition is simply that the pair of contractions on H
should be an element of F,,,(H). This is proved in the next lemma, which is in the same spirit
as Lemma 3.1 in [4].

LEmMMA 3.2. If (T1,T) € Fu(H), then Ty is a m-hypercontraction.
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Proof. Let T'= TT,. The proof is obvious for m = 1. For m > 2 note that

K, NT,T7)

=K (T, T*) = TK,' (T, T*)T*

= (KL (T T%) = TT KL (T, TTY) + (KL (T T7) = T KL (T T9)T5) Ty = 0.
This completes the proof. [ ]

The converse of this lemma is not true (see the counterexample in the last section). This
suggests that F,,(H) does not contain all the factors of m-hypercontractions. Before going
further, we consider elementary examples of elements in F,,,(H). These examples are based on
a triple (€, U, P) consists of a Hilbert space £, a unitary operator U on £ and an orthogonal
projection P in B(&). For such a triple, the B(E)-valued analytic functions

®(z) = (P + zPHU*, and ¥(2) = U(P*+ +2P) (2 €D)
are easily seen to be Schur functions on D, that is ® and W are in the unit ball of the Banach
algebra Hy ¢\ (D) consisting of bounded B(€)-valued analytic functions on D. It is also easy
to see that
O(2)V(z) = V(2)P(2) =2zl (z€D).
We refer to @, W as canonical pair of Schur functions on D corresponding to the triple (€, U, P).
We claim that the commuting pair of multiplication operators (Mg, My) on A2 (£) is an

element of F,,(A2%(€)). Indeed, if & = ranP and & = ranP+ then £ = & ® &,. With respect
to this decomposition of the co-efficient space &£, we have A2 () = A2 (&) & A2 (&) and

Kmfl(Mz, M:) - M(mefl(Mm M:)M&;

_ * Lz (&) 0 " " T2 () 0

= K1 (M., M) — [ T (I & U)Ky a (M, MO (T @ U) |5 M I,
_ oy _ |14z, 0 sy [142,(61) 0

= m—l(Mz’Mﬁ_{ 0 M@ L, | Tt M) T e

_ |V 0 >0

o 0 Km(MZ(X)]gQ,M; ®152) -

as M, ® Ig, on A% (&) is an m-hypercontraction. Similarly, we have
Koot (M, M) — My K,y (M., M2)MZ, > 0.

This proves the claim. In fact we will see below that any pair (71, 7Ts) € Fp,,(H) with T1 Ty is
pure dilates to such a pair (Mg, My) on A2 (£), and therefore these operator pairs serve as a
model operator for a class of contractive factors of pure m-hypercontractions.

4. DILATION OF FACTORS

Our main concern is to propose a model for the class F,,(H) of contractive factors of m-
hypercontractions. This is achieved by finding an explicit dilation of a triple of commuting
contractions (77, Ty, T1T5) on some weighted Bergman space, where (71, T5) € F,,(H). We say
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that an n-tuple of commuting contractions (77, ...,7,) on ‘H dilates to a commuting n-tuple
of operators (R, ..., R,) on K if there is an isometry IT : H — K, such that
O77 =R (i=1,...,n).
The map II is often refer as the dilation map.
We prove a lemma which will be the key to the dilations obtained in this section. This

lemma is analogous to Theorem 2.1 in [13]. Let (7,7%) € F(#H). Since T' = T1T5 is an
m-hypercontraction, the canonical dilation map I, 7 : H — A2 (D,,r) defined by

(rh)(2) = Dyr(I — 2T%)™™h  (h € H,z € D),

satisfies IL,, 77 = M 1L, 7. If V : Dy, r — £ is a isometry for some Hilbert space £, then
the map

My == (I @ V)1 H— A%(E)
also intertwines with 7% and M} on A% (£), that is Il T* = M1y

LEMMA 4.1. With the above notation, if D is a Hilbert space and if

Ui = [‘éﬁ ﬂ L E® (D& Dprr) = E® (DO Dyry) (i=1,2)

is a unitary operator such that for all h € H,
U;(V Dprh, 0p, Dy i, T*h) = (V Dy T b, Op, Dy ), (i = 1,2)

then the B(E)-valued Schur function ®;(z) = A; + 2CFBf (z € D), transfer function corre-
sponding to the unitary U, satisfies

T = Mg Iy,
fori=1,2.
Proof. Since

[A,- BZ} { V D, rh ] _ { VD rT7h

Ci 0] [(Op, D, T"h) (ODva,T,Tih):| , (heH,i=12)

we have
A,V Dy rh+ Bi(0p, Dy, T*h) = VD, v T "h and C;V D,, vh = (0p, Dy 1)
for all h € H and @ = 1,2. Simplifying further, we get
VD11 = AVD,r+ BCVD,,rT"
for i = 1,2. Finally, if n > 1, h € H and n € &, then
(Mg Ilyh, 2"n) = (I @ V) Dy (1 — 2T7)"™h, (A7 + 2C; BY)(2"n))
= ((A;V Dy + B;C;V Dy 0 T*)T*"h, 1)
= (VD v T7 (T""D), )
= (IlyT h,z"n), (i=1,2).
Therefore, we get 1Ty T;" = Mg Ily, for ¢ = 1,2. This completes the proof.
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Let (T1,T5) € F(H) with T'= T1T5. Then (see the proof of Lemma
Kn_’bl(T’ T*) = D%m,T,Tl + TlD%m,T,Tng = D?n,T,Tg + T2D72n,T,T1T2*7
implies that
| Doy A1+ | Do e, T RN? = | Do, 2l|* 4 | Do Ty B2
for all h € H. This leads us to define isometries V' : Dy, 7 = Dy, vy © Dy, and

U: {Dm,T,Tsz*h ) Dm,T,Tgh che H} — {Dm,T,Tlh ) Dm,T7T2T1*h che H}
defined by

(4.7) V(Dm’Th) = (Dm,T,Tlh; Dm,T,Tng*h> (h S 7'[)
and
(4.8) U(Dwr1T5hy Dinrrh) = (Dirhy Dyrm,TiR), (b€ H)

respectively. We are now ready to prove the explicit dilation result for the pure case.

THEOREM 4.2. Let (T1,T,) € F(H) be such that T = T\ T3 is a pure contraction. Then there
exist a triple (€,U, P) consists of a Hilbert space £, a unitary U and a projection P in B(E),
and an isometry 11 : H — A2 (€) such that

T = M, T = MIL, and IT* = MTI,

where ® and U are the B(E)-valued canonical Schur functions on D corresponding to the triple

(E,U, P) given by
d(z) = (P + zPHU* and V(z) = U(P* + 2P)
for all z € D.
In particular, @ = ranll is a joint (M3, M, M?)-invariant subspace of A2, (E) such that
Tl = PQM@|Q, T2 = PQM\I]lQ and T = PQleg.

Proof. We first consider the isometry U as in (4.8) and by adding an infinite dimensional
Hilbert space D, if necessary, we extend it to a unitary on € := (D @ Dur1y) B Do
We continue to denote the unitary by U, and therefore we have a unitary U : £ — £ which
satisfies

U(OD7 D1, Tshy Dy, h) = (OD, Dy h, Dm,T,TQTl*h) (h e H).
Also we view the isometry V in (4.7)), as an isometry V' : D, 7 — & defined by
V(DmyTh) = (07_)7 Dm,T,T1h7 Dm7T,T2T1*h) (h < H)

Since T is a pure m-hypercontraction, then the canonical dilation map I, 7 : H — A2 (D,..1)
is an isometry, and as a result

(4.9) My = (I @ V)7 : H— A2 (E)

is also an isometry. The isometry Il will be the dilation map in this context.
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To complete the proof of the theorem, we construct unitaries which satisfy the hypothesis
of Lemma . To this end, we consider the inclusion maps ¢; : D ® Dy, — € and
2 : Dy, — € defined by

Ll(h, kl) = (h, kl, O) and ZQ(kQ) = (0, O, kz), (h S D, k‘l - Dm,T,Tla kfg - Dm,T,Tg)-

We also consider the orthogonal projection P = t9t5. Then it is easy to check that

P
5 o]0 @oDum) 5 E0 D@ D)
1
and
PJ_
[ L LS] :EDDmrm — €D Dy,
2

are unitary. The unitary
U O |P 4| |UP Ui
s {O ]} L'T 0} B [i’{ 0 } €@ (D& Purr) = €@ (DS D),
satisfies

v | VDmrh [UP Uiy| [ VDurh
"\ DwrnTh| — | i 0 | [DurnTh

U (0p, Donr 1y Ts Ty hy Do, Tih)
L (ODa Dm,T,Tl h)

[(0p, Dy, Ty by Dy, T2 )

L (O’Da Dm,T,T1 h)

[ VD, rTih

| (0p, Dyrm, )

for all h € H. Subsequently, a similar computation also shows that the unitary

Pt us o0

satisfies
UQ(VDm,Th> Dm,T,TgT*h) == (VDm,TTQ*ha Dm,T,TQ h)a
for all h € H. The proof now follows by appealing Lemma to the unitaries U; and U;. m

REMARK 4.3. The converse of the above theorem is also true. That is, if (Th, T2, T) is a triple
of commuting contractions on H and if (T1, Tz, T') dilates to (Mg, My, M) on A2 (E) for some
Hilbert space € where ® and V are B(E)-valued canonical Schur functions on' D corresponding
to a triple (£,U, P), then (11,Ts) € F(H) and T = T1T5. This follows immediately from the
f(lCt that (Mq;, M\p) € Fm(Agn(g)) and M@M\If = M\IJM.:I) = Mz

Having obtained explicit dilations for the pure case, we now drop the pure assumption and
find dilations for the general case.
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THEOREM 4.4. Let (T1,T3) € F(H) with T = TyTy. Then there exist a triple (£,U, P)
consists of a Hilbert space €, a unitary U and an orthogonal projection P in B(H), a Hilbert
space R, a pair of commuting unitaries (Wi, W) on a Hilbert space R with W = W1Ws, and
an isometry I : H — A2 (€) such that

77 = (Mg & Wh)*IIL, TS = (Mg & W)l and IIT* = (M, & W)*11,
where ® and ¥ are the B(E)-valued canonical Schur function on D corresponding to the triple
(&,U, P) given by
®(z) = (P + zPH)U* and V(z) = U(P* 4+ zP)
for all z € D.

2]71 particular, Q@ = ranll is a joint (M} & W*, Mz & Wi, M3, & Wy)-invariant subspace of
A2 (£) & R such that

T\ = Po(Mg @ Wh)|g, Tz =2 Po(My © Wy)|g and T = Po(M, © W)|e.

Proof. Let (€,U, P) be as in Theorem [4.2] and let V be as in (4.7). Then by the same way
as it is done in the proof of Theorem [4.2] we have

(410) Hle* = M&;H\/, HvTQ* = M:f,HV and HvT* = M;H‘/,

where ®(z) = (P + zP1)U* and ¥(z) = U(P* + zP) for all z € D, Iy = (I ® V)IL,, 1 and
7 H— A2 (Dir), h = Dpr(I — 2T*)"™h is the canonical dilation map. However, note
that Il is not an isometry in general. To make it an isometry we follow the construction of
the dilation map as in the proof of Theorem [2.4]

Let Q.,r be the positive operator defined in by taking strong operator limit of the

decreasing sequence of positive operators { £im (T, T%)}2, where

r—1
(T = 1= wak TEKNT,THTF (r 2 0).

k=0
It also follows from the proof of Theorem [2.4] that
TQ?n,TT* = zn,T-

We claim here that an,T > TiQu T} for i = 1,2. We prove the inequality for : = 1 as the
proof is similar for ¢ = 2. To this end, it is enough to show that

Fm(T, Ty — Ty f™(T, T*)T; > 0,

T

for all » > 0. For a fixed r > 0, we use induction on m. Since j}gl)(T, T*) =T"T*", it is easy
to see that the inequality holds for m = 1. We assume that for some 1 < n < m,

fINT,T) = Ty f(T, THT > 0.
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Now observe that

F(T, T

r—1
=1- Z wn+l,ka(K7‘L_l(Ta T*) - TKn_l(Ta T*)T*)T*k
k=0

—_

=1-K; YT, T*) =Y (Wns1h — Woy1 o) TK N T, TT* 4wy gy o T BT, TH)TH
1

<

B
Il

r—1
= (1= wa b T"E N T, T)T™) + wgr o T K (T, T T
k=0

— fgn) (T, T*> + wn+1,r—1TTK;1(T7 T*)T*T.
Then this implies

FI(T,T7) = Ty f (T, T) T
= (f"(T,T*) = T f"(T, T)T}) + W1 o T (KN T, TF) — TV, (T, T)T) T > 0.
Here we have used the fact that K, Y(T,T*) — T\ K, "(T, T*)T; > 0 for n = 1,...,m. This

establishes our claim and therefore, Q7,7 > T,Q7, 7T; for i = 1,2. Then by Lemmal2.3} there
exists a contraction X; on Q,, r such that

Further, since Q2 ; = TQ2 T, there is an isometry X* on Q¢ such that X*Qr =
Q. rT™. It is now evident that X* = X7 X5 = XJ X7, and therefore X is also an isometry
fori =1,2. Let (W, W5, W*)onR O Q,, r be the minimal unitary extension of (X7, X5, X*)
with W* = WyWy.

Following Theorem , consider the map IT: H — A2 (£) @ R defined by

(k) = (Myh, Qurh), (heM).

Then, by Proposition 2.2] and the fact that V' is an isometry, it follows that IT is an isometry.
Moreover, it follows from the relations (4.10) and (4.11)) that

Ty = (Mg & WHILIITy = (Mg @ W3)II and IIT* = (M & W*)IL

This completes the proof of the theorem.

We conclude the section with a remark which is similar to the pure case.

REMARK 4.5. The converse of the above theorem is also true. This follows from the fact that
(Mo @ Wi, My @ Ws) € Frp(AZ(E) ®R).
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5. FACTORIZATION OF HYPERCONTRACTIONS

Combining the dilation results, Theorem and Theorem obtained in the previous
section with Remark [4.3] and Remark [4.5] we get the following immediate characterization of
factors in the class F,,,(H).

THEOREM b5.1. Let (11,Ts) be a pair of commuting contractions on H. Then the following
are equivalent:

(1) (TlaTQ) € ‘Fm<H)7

(ii) there exist a pair of commuting unitaries (Wy, W) on a Hilbert space R with W = W, W,
and B(E)-valued canonical Schur functions

®(2) = (P + 2PHU* and ¥(z) = U(P*+ +2P), (z€D)
corresponding to a triple (€,U, P) consisting of a Hilbert space £, a unitary U and an orthog-
onal projection P in B(E) such that Q is a joint (MF @ W*, My @& Wi, Mj & Wy)-invariant
subspace of A% () ® R,
T1 = PQ(M@ ) Wl)’Q, T2 = PQ(M\p ) WQ)’Q, and T = PQ(MZ © W)|Q

In particular, if TyTs is a pure contraction, then the Hilbert space R = {0}.

It is now clear that the above theorem is obtained by realizing a factor (171, T3) € F,.(H)
on the dilation space A% (€) @ R of T = T1T,. However, one would expect to realize (11, T5)
on the canonical dilation space of T' as in Theorem [2.4]

To this end, we first consider (17,75) € F,(H) with T = 11T, is a pure contraction. Let
IIy, be the dilation map as in Theorem that is

Hle* = M&';Hv, HvTQ* = M\;HV and HVT* e MZ*HV

and, by ,

1_[V - (I & V)Hm,Ta
where II,,, 7 is the isometric canonical dilation map corresponding to the pure m-hypercontraction
T and V : D,, 7 — &£ is an isometry. Then, by the definition of IIy, the above intertwining
relations yield

L7217 = (I @V )Mz(I @ V)L, r and 1L, 715 = (I @ V* )My (I @ V)L, 1.
Set ) 3
O(2) =V *P(2)V and ¥(z) :=V*U(2)V, (ze€D).

Then ® and U are B (D r)-valued Schur functions on D such that

W 7 TT = Mz 7, I 7Ty = M3, 7.
Observant reader may have noticed that ® and ¥ do not commute, in general. However,
PoMg|o and PoMy|o commute with each other and

PoM.|g = PoMgMy|o = PoMy Mo,
where Q = ranll,, r. Thus we have proved the following:

THEOREM b5.2. Let T be a pure m-hypercontraction on H. Then the following are equivalent.
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(i) T =TTy for some (T1,Ts) € Fon(H);
(13) there exist B(D,, r)-valued Schur functions
®(2) = VH(P 4 zPHUV, and U(z) = V*U(P +2P)V (2 €D)
for some Hilbert space &, isometry V' : Dy, — &, unitary U : £ — £ and projection
P in B(E) such that Q is a joint (M, M?)-invariant subspace of A% (Dpr),
PoM.[g = PoMgglo = PoMgslo,
and
T1 = PQM&)‘Q, and T2 = PQM@’Q.

We also have the following analogous result for general m-hypercontractions.

THEOREM 5.3. Let T' be an m-hypercontraction on H. Then the following are equivalent.
(i) T =T\ Ty for some (T1,Ts) € Fp(H);

(1) there exist a commuting pair of unitaries (Wi, Ws) on a Hilbert space R with W =
WiWsy and B(D,, r)-valued Schur functions

®(2) = V(P4 zPHUV, and ¥(z) = V*U(P +2P)V (2 €D)

for some Hilbert space &, isometry V : Dy, — &, unitary U : € — £ and projection P
in B(E) such that Q is a joint (M;OWY, M &Wy)-invariant subspace of A}, (Dmr)®
R,
Po(M. & W)lg = Po(Mgg ® W)lo = Po(Mgs ® W)lo,
and
Tl = PQ(M&, D Wl)‘g, and T2 = PQ(M@ ) WQ)‘Q.

An immediate consequence of the above results is a similar factorization result for subnormal
operators. Recall that an operator is subnormal if it has a normal extension. A well-known
characterization of subnormal operators due to Agler is the following: a contraction T on a

Hilbert space H is subnormal if and only if 7" is an m-hypercontraction for all m € N (see [2]).
We set

FooH) = () Fn(H).

By the above characterization, if (77,73) € Foo(H) then T'= T1T5 is a subnormal operator.

Thus F(H) contains contractive factors of subnormal operators on H. A characterization
of Foo(#H) is in order.

THEOREM 5.4. Let T be a subnormal operator on H. Then the following are equivalent.
(i) T =TTy for some (T1,Ts) € Foo(H);
(i7) for each m € N, there exist a commuting pair of unitaries (Wy ,m, Wa,m) on a Hilbert
space Ry, with W, = Wy, Wa p, and B(D,, 1)-valued Schur functions

D, (2) = V(P 4 2PHYU Vi, and Uy (2) = ViUW(PE 4 2P,V (2 € D)
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for some Hilbert space &,,, isometry Vy, : Dyr — &y, unitary Uy, @ €, — & and
projection Py, in B(Ey,) such that Qp, is a joint (M; & W7y, Mz & W3, )-invariant
subspace of A2 (D7) ® R,

PQm (Mz @ Wm)|Qm = PQm (M&)m\if @ Wm)lgm = PQm (M(I/m&)m @ Wm)

m

Qm Y
and

Ty = Po,, (Mg, @ Wim)le,,, and Ty = Po, (Mg @ Wam)la,,-
6. EXAMPLES AND CONCLUDING REMARK

In this section, we find an example of a pair of commuting 2 x 2 contractive matrices such
that their product is a 2-hypercontraction but the pair fails to belong in F»(C?).

Example: For a real number r with 0 < r» < 1, consider a 2 X 2 matrix 7, := 8 6]
Then by a direct calculation, it can be checked that 7). is a 2-hypercontraction if and only
if r2 < % Also for strictly positive real numbers a and b, consider the matrix S = 8 Z] :

Then S is an invertible matrix and S commutes with 7, for any r. Thus, for r < \%, T.571

and S are factors of the 2-hypercontraction 7,.. On the other hand, again by a simple direct
calculation, we have

N1 A2\ 12
(612) K;1<TT,T:) . SK;I(TT,T:)S* — {(1 T )(iaba ) b 1_&221 .

Also note that S is a contraction if and only if b < 1 —a?. So for the particular choice r = \/LT

a= \/Li and b = %, we see that T} is a 2-hypercontraction, S and 7,.5~! are contractions and

0 1
B

2v/2 2
is not a positive matrix. Therefore for such a particular choice, the contractions 7,,S~! and
S are factors of the 2-hypercontraction T, but (7,571, S) & Fo(C?).

The above example shows that F,,(#) does not contain all the contractive factors of m-
hypercontractions on H and the present article characterise a subclass of contractive factors
of m-hypercontractions, namely F,,(#H). We conclude the paper with the following natural
question: How to characterize all the contractive factors of m-hypercontractions?

KT, T*) — SK; YT, T)S* = {
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